We present the first lattice QCD calculation of the decay constants fB and fB s with physical light quark masses. We use configurations generated by the MILC collaboration including the effect of u, d, s and c HISQ sea quarks at three lattice spacings and with three u/d quark mass values going down to the physical value. We use improved NRQCD for the valence b quarks. Our results are fB = 0.186(4) GeV, fB s = 0.224(5) GeV, fB s /fB = 1.205 (7) and MB s − MB = 85(2) MeV, superseding earlier results with NRQCD b quarks. We discuss the implications of our results for the Standard Model rates for B (s) → µ + µ − and B → τ ν.
I. INTRODUCTION
The B and B s decay constants are key hadronic parameters in the Standard Model (SM) rate for B (s) → µ + µ − and B/B s oscillations, with the B meson decay constant also determining the rate for B → τ ν. The combination of experiment and theory for these processes provides important constraints on CKM unitarity [1] and the search for new physics, but the strength of the constraints is typically limited by the errors on the hadronic parameters.
The decay constants can only be determined accurately from lattice QCD calculations. Several methods have been developed for this [2] , with errors decreasing over the years as calculations have improved. Here we provide a step change in this process, giving the first results for f B and f Bs that include physical u/d quark masses, obviating the need for a chiral extrapolation. As a result of this and other improvements described below, we have signficantly improved accuracy on f Bs /f B over previous calculations. The implications of our result are discussed in the Conclusions.
II. LATTICE CALCULATION
We use eight ensembles of 'second-generation' gluon field configurations recently generated by the MILC collaboration [4, 5] , with N f = 2 + 1 + 1 Highly Improved Staggered Quarks (HISQ) [6] in the sea. To control discretisation effects, we use three lattice spacings ranging from 0.15 fm to 0.09 fm and light to strange mass ratios of m l /m s ∼ 0.2, 0.1, 0.037. Details of the ensembles are TABLE I: Details of the gauge ensembles used in this calculation. β is the gauge coupling, aΥ is the lattice spacing as determined by the Υ(2S − 1S) splitting in [3] , where the three errors are statistics, NRQCD systematics and experiment. am l , ams and amc are the sea quark masses, L × T gives the spatial and temporal extent of the lattices and n cfg is the number of configurations in each ensemble. The ensembles 1,2 and 3 will be referred to as "very coarse", 4,5 and 6 as "coarse" and 7,8 as "fine". shown in table I. The lattice spacings of five of the ensembles were determined using the Υ(2S − 1S) splitting in [3] where details, including a discussion of the systematic errors, can be found. The lattice spacing values of the additional ensembles (sets 3, 6 and 8) are determined in the same way. The valence part of the calculation uses lattice NonRelativistic QCD (NRQCD) [7] [8] [9] for the b quarks; the action is described in detail in [3] . It includes a number of improvements over earlier calculations, in particular one-loop radiative corrections (beyond tadpole-improvement) to most of the coefficients of the O(v 4 b ) relativistic correction terms. This action has been shown to give excellent agreement with experiment in recent calculations of the bottomonium [3, 10] and Bmeson spectrum [11] . We are now building on previous calculations with the tree level NRQCD action [12] [13] [14] to extend this to B-meson decay constants. The b quark mass is tuned, giving the values in Table II , by fixing the spin-averaged kinetic mass with the Υ/η b masses. The HISQ valence light quark masses are taken to be equal to the sea mass except on set 4 where there is a slight discrepancy. The s quark is tuned using the η s meson (M ηs = 0.6893(12) GeV [3] ). Values very close to the sea s masses are found, meaning that partial quenching effects will be small.
To improve the statistical precision of the correlators, we take U (1) random noise sources for the valence quarks using the methods developed in [13] . Along with the point source required for the matrix element, we include gaussian smearing functions for the b quark source with two different widths. We include 16 time sources with b quarks propagating both forward and backward in time on each configuration. We checked the statistical independence of results using a blocked autocorrelation function [3] . Even on the finer physical point ensembles, the correlations are very small between adjacent configurations and the integrated autocorrelation time is consistent with one.
The decay constant is defined from 0|A 0 |B q QCD = M Bq f Bq , but the quantity that we extract directly from the amplitude of our correlator fits is Φ Bq = M Bq f Bq ; we convert to f Bq at the end. For NRQCD, the full QCD matrix element is constructed from effective theory currents arranged in powers of 1/m b . For A 0 we consider the following currents, made from heavy quark Ψ Q and light quark fields Ψ q :
These currents are related to the full QCD current through O (α s , α s Λ QCD /m b ) by
One-loop coefficients were calculated in [15] . Here we re-order the perturbation series to make the process of Table III for the range of masses needed here. We see that the one-loop renormalisation of the tree-level current, J
0 + J
0 , is tiny [31] . z 0 includes the effect of mixing between J 
III. RESULTS
We fit heavy-light meson correlators with both J operators at the sink simultaneously using a multi-exponential Bayesian fitting procedure [17] . The B and B s are fit separately; priors used in the fit are described in [11] . The amplitudes and energies from the fits are given in Tables IV and V and J (2) 0 , whose matrix elements are equal at zero meson momentum. Notice that the statistical errors in Φ do not increase on the physical point lattices, because they have such large volumes.
We take two approaches to the analysis. The first is to perform a simultaneous chiral fit to all our results for Φ, Φ s , Φ s /Φ and M Bs − M B using SU (2) chiral perturbation theory. The second is to study only the physical u/d mass results as a function of lattice spacing.
For the chiral analysis we use the same formula and priors for M Bs − M B as in [11] . Pion masses used in the fits are listed in Table V 
The coefficients of the analytic terms b s , b l are given priors 0.0(1.0) and Φ 0 , Φ s0 have 0.5(5). To allow for discretisation errors each fit formula is multiplied by (
, with Λ = 0.4 GeV. We expect discretisation effects to be very similar for Φ and Φ s and so we take the d i to be the same, but differing from the d i used in the M Bs − M B fit. Since all actions used here are accurate through a 2 at tree-level, the prior on d 1 is taken to be 0.0(3) whereas d 2 is 0.0(1.0). The d i are allowed to have mild m b dependence as in [11] . The ratio Φ s /Φ is allowed additional light quark mass dependent discretisation errors that could arise, for example, from staggered taste-splittings. 0.520(11) GeV 3/2 , Φ B = 0.428(9) GeV 3/2 , Φ Bs /Φ B = 1.215(7). For M Bs − M B we obtain 86(1) MeV, in agreement with the result of [11] .
Figs 3 and 4 show the results of fitting M Bs − M B and decay constants from the physical point ensembles only, and allowing only the mass dependent discretisation terms above. The results are Φ Bs = 0.515(8) GeV 3/2 , Φ B = 0.424(7) GeV 3/2 , Φ Bs /Φ B = 1.216 (7) and M Bs − M B = 87(1) MeV. Results and errors agree well between the two methods and we take the central values from the chiral fit as this allows us to interpolate to the correct pion mass.
Our error budget is given in Table VI . The errors that are estimated directly from the chiral/continuum fit are those from statistics, the lattice spacing and g and other chiral fit parameters. The two remaining sources of error in the decay constant are missing higher order corrections in the operator matching and relativistic corrections to the current. We estimate the operator matching error by allowing in our fits for an am b -dependent α 
IV. CONCLUSIONS
Our results agree with but improve substantially on two earlier results using nonrelativistic approaches for the b quark and multiple lattice spacing values on N f = 2 + 1 ensembles using asqtad sea quarks. These were: f Bs = 228(10) MeV, f Bs /f B = 1.188(18) (NRQCD/HISQ) [14] and f Bs = 242.0(9.5) MeV and f Bs /f B + = 1.229 (26) (Fermilab/asqtad) [21] . We also agree well (within the 2% errors) with a previous result for f Bs of 225(4) MeV obtained using a relativistic (HISQ) approach to b quarks on very fine N f = 2 + 1 lattices [22] . Our simultaneous determination of M Bs − M B to 2% agrees with experiment (87.4(3) MeV [20] ).
We can determine new lattice 'world-average' errorweighted values by combining our results in Eq. 7 with the independent results of [21] and [22] since effects from c sea quarks, which they do not include, should be negligible [23] These allow for significant improvements in predictions for SM rates. For example, updating [24] with the worldaverage for f Bs above and our result for f B 0 (Eq. 8) we obtain: Br(B s → µ + µ − ) = 3.17 ± 0.15 ± 0.09 × 10
−9
Br(B d → µ + µ − ) = 1.05 ± 0.05 ± 0.05 × 10 −10 (9) where the second error from f Bq has been halved and is no longer larger than other sources of error such as V * tb V tq . Note that this is the flavor-averaged branching fraction at t = 0; the time-integrated result would be increased by 10% in the B s case (to 3.47(19) × 10 −9 ) to allow for the width difference of the two eigenstates [25, 26] . The current experimental results [27] for B s → µ + µ − agree with this prediction.
From the world-average f B + above we also obtain the Standard Model rate: 1 |V ub | 2 Br(B + → τ ν) = 6.05 (20) , (10) with 3% accuracy. Calculations of matrix elements for B s /B mixing with physical u/d quarks are now underway. 
